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Abstract
We present a method to calculate the real time effective propagator of a generic open
quantum system, immersed in a medium using a wave function based framework. The
medium is characterised by a set of harmonic oscillators having a continuous span of fre-
quencies. This technique has been applied to the Caldeira-Leggett model showing that high
frequency modes of the medium do not contribute towards decay of the population of states
of the open system. In fact, they cause a Rabi type oscillation. Moreover, our wave function
based approach provides an excellent alternative to conventional formalisms involving the
density matrix.
1 Introduction
In physical situations where the coupling of a test system with its environment needs to be taken
into account, it is customary to consider the former as an integral part of the medium in order to
apply closed system dynamics to the composite unit of system plus its environment. However,
this does not say much about how the medium affects the dynamics of the test system. To
determine that, one may trace out the degrees of freedom of the medium and use the concept of
open quantum system. This methodology has found wide applicability in varied fields of current
interest like quantum optics[8] , quantum dissipative systems [6, 14], adiabatic transition in
chemical systems [16, 20] and more recently, it has also been adopted to probe the effect of
quark gluon plasma on heavy quark bound states [3, 2, 22].
Over the years, a description at the level of density matrices has constituted the key to
tackling such problems. Here, evolution of the reduced density matrix of the system of interest
is studied either using the Heisenberg equation in a canonical framework [8, 6, 12] or applying
the theory of Feynman-Vernon influence functional in the context of a path integral formalism
[6, 21] at zero or finite temperatures. In non pure cases occurring usually in large systems, a
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knowledge of the partition function at thermal equilibrium offers much convenience in describing
the medium [12]. These techniques [6, 13, 7], though mostly successful in addressing the external
degrees of freedom of the system, as in [1, 19], cannot, in practice, deal with the internal degrees
of freedom, even in simple cases. Moreover, often a solution to the Heisenberg equation can
be arrived at, only after imposing a number of stringent approximations. Added to that is the
worrisome aspect of heavy computational demand of density matrix based calculation in solving
for the Lindblad form [15].
Some effective techniques [18] as well as wave function based approaches [9, 4, 10, 14] attempt
to fill up this void in understanding open quantum systems through the use of Schro¨dinger like
equation. The second class of theories are computationally advantageous, requiring N number
of information unlike N2 number of information demanded by calculations involving density
matrices (N is the dimension of the vector space of the system under consideration). However,
in order to describe the evolution of the wave function, one needs to know the initial and final
states of the medium which requirement poses a serious difficulty in non pure cases.
In the present article, we have bypassed this dilemma by imposing certain boundary con-
ditions that can avoid a detailed description of the medium modes. The effective propagator,
obtained after tracing over the degrees of freedom of the medium, bears within itself the effect
of the medium and governs the evolution of the system of interest. We observe the latter at a
time scale much higher than the inherent time scale of the medium which in turn allows us to
treat the dynamics of the test system as a Markovian process [8, 10] with no memory effect.
2 The model
The model system considered here is akin to the one proposed by Caldeira and Leggett (C-L)
except that we have taken a generic test system instead of a harmonic oscillator. At the end
of this article, this methodology has been applied to a harmonic oscillator test system to make
contact with the C-L model. The medium is composed of large number of harmonic oscillators
(ideally infinite in number) based on the harmonic approximation [6, 7]. The oscillators in the
bath do not interact among themselves but interact simultaneously with the test system. The
interaction is considered to be bilinear [6, 5] based on the assumption that it is not too strong.
The Lagrangian for the the whole system (test system + medium) can be written as
L = L0 + LB + LI (1)
where L0 =
1
2m0x˙
2 − V , LB = 12
∑
jm
(
X˙2j − ω2jX2j
)
, LI =
∑
j λ(ωj)x(t)Xj(t) are the La-
grangians for the test system, bath and the interaction part respectively. The action of the
whole system is given by,
S = S0 +
∑
j
[ tf∫
ti
dtλ(ωj)x(t)Xj(t)
+
tf∫
ti
dt
1
2
m
(
X˙2j − ω2jX2j
)]
, (2)
S0 is the action for the test system.
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3 Effective Propagator
The solution of the time dependent Schro¨dinger equation, (H − i ∂∂t)ψ(x, t) = 0, can in general
be written as,
ψ(x, t) =
∫
K(x, t;xi, ti)ψ(xi, ti)dxi , t > ti, (3)
with the propagator K(x, t;xi, ti) = 〈x, t|xi, ti〉 =
∫ D[x] eiS . For the model being studied, the
propagator takes the form
K =
∫
D[x]
eiS0∏
j
∫
D[Xj ]
× exp
i tf∫
ti
dt
(
1
2
mX˙2j −
1
2
mω2jX
2
j + J(t)Xj(t)
)
 . (4)
Now, the path integral for the oscillators representing the medium is just a product of
path integrals of forced harmonic oscillators with an external driving force J(t) = λx(t). The
propagator for the jth oscillator in the medium is given by,
∫
D[Xj ] exp
i tf∫
ti
dt
(
1
2
mX˙2j −
1
2
mω2jX
2
j + J(t)Xj(t)
)
= 〈Xfj , tf |Xij , ti〉J(t)=0 exp
−i
2
tf∫
ti
tf∫
ti
dtdt′J(t)D(t− t′)J(t′)
 . (5)
When we consider interaction of all the oscillators in the medium with the test system, the
propagator of the whole system looks,
K =
∫
D[x]eiS0
∏
j
〈Xfj , tf |Xij , ti〉J(t)=0
exp
−i
2
tf∫
ti
tf∫
ti
dtdt′J(t)Dj(t− t′)J(t′)
 (6)
where Dj satisfies the equation
m
[
d2
dt2
+ ωj
2
]
Dj(t− t′) = δ(t− t′) (7)
3
By plugging the solution of eq.(7) into eq.(6) we get
K =
∏
j
〈Xfj , tf |Xij , ti〉J(t)=0 exp
[
λ2(xf − xi)2
4mω3j
+O
(
1
ω4j
)]
∫
D[x] exp
i tf∫
ti
dt
(
L0 +
λ2x2(t)
2mω2j
) (8)
Taking ωj to be sufficiently large, we can neglect terms of O
(
1
ω4j
)
and higher. The above
expression will then be an exact result for the composite propagator where only high frequency
modes of the medium interact with the test system. We are thus finally able to separate the
medium and test oscillator parts of the propagator. This is possible when the dynamics of the
medium modes can be dealt with periodic boundary conditions [17]. This could be achieved
by observing the test system above a time scale which is inverse of the lower cut off of the
high frequency modes of the medium. However, the above expression falls short of being a
completely general one as these boundary conditions are not applicable to all oscillatory modes
of the medium. A completely general treatment of the problem with a coarse grained interaction,
taking into account the contribution of all the medium modes to the dynamics of the test system
can be found in [10]. The final form of the effective propagator can be read off from eq.(8):
Keff = N exp
∑
j
λ2(xf − xi)2
4mω3j

∫
D[x] exp
i tf∫
ti
dt
L0 +∑
j
λ2x2(t)
2mω2j

 (9)
It is interesting to note that the effect of interactions with high frequency modes of the medium is
borne entirely by the exponential outside the path integral. Modification due to the interaction
lies in the way the higher modes are distributed. It also alters the potential of the test system
by a term quadratic in x. This can, in general, change the form of the potential. Hence, a
renormalising term must be added to the potential in eq.(1) to counter this change [6]:
V → V ′ = V +
∑
j
λ2x2(t)
2mω2j
. (10)
It is fairly straightforward to generalise the effective propagator Keff in eq.(9) to any test system
by exploiting the fact that the path integral in eq.(9) is just the propagator of the test system.
Thus, we can write
Keff = N exp
[
1
4
α(xf − xi)2
]
K0(xi, ti;xf , tf ), (11)
where K0 denotes the propagator of the open system and α =
∑
j
λ2j
mω3j
encodes the effect of
the high frequency modes of the medium. Here, λj is the coupling of j
th mode of the medium
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with the test system. For simplicity, it can be taken to be independent of the frequency ωj of
the mode. The quantity α can be calculated from the distribution of the modes in the medium.
This has been carried out in the following section for Ohmic and non Ohmic bath.
4 Calculation of α
Taking a continuous distribution of medium modes, we shall calculate α using the spectral
function of the medium.
ρ(ω) =
2
pi
∑
j
λ2j
mjωj
δ(ω − ωj) (12)
For Ohmic case ρ(ω) = η ω, where η determines the dissipation in the classical equation of
motion of the test system (in a medium) under a potential V , acted upon by some external force
Fext, e.g.,
M
d2
dt2
x+ η
dx
dt
+
dV
dx
= Fext. (13)
Therefore,
α =
Ω∫
Ωc
η
ω
dω = η ln(
Ω
Ωc
). (14)
Here, Ω is the upper bound of the frequency cut off that determines the time scale of the problem.
Ωc, on the other hand, is the lower bound of the high frequency modes, which is much larger
than the characteristic frequency of the test oscillator. The value of α therefore depends on
these two bounds and as well as on the value of η. Similarly, computation is possible for non
Ohmic bath when the spectral function ρ(ω) ∝ ωn. n is greater than one for super Ohmic cases
and less than one for sub Ohmic cases. Analogously the quantity,
α =
Ω∫
Ωc
η ωn−2dω. (15)
In the next section, we shall take a harmonic oscillator as the test system and investigate the
dynamics of ground state population of the oscillator in the medium.
5 Dynamics of population
It is easy to ascertain from eq.(9) that the modes of the medium with a high frequency compared
to the energy of the test system do not provide any kind of damping to the classical motion of
the system. Now, let us focus on the special case where the test system is a harmonic oscillator
with frequency ΩT . We prepare it initially in its ground state |ψ0〉. The final state |ψf 〉 can be
calculated using eq. (3).
5
ψ(xf ) =
∫
Keff (xf , tf ;xi, ti)ψ(xi, ti)dxi (16)
The survival probability ρ of an initial bound state evolves with time as ρ(t) = |〈ψ0|ψf 〉|2.
The effective propagator and, hence, the ground state population dynamics depends on the lower
cutoff (Ωc) of the high frequency modes of the medium that are coupled to the test system. If
this lower bound is set far above the frequency of the test oscillator, then its ground state
population shows an oscillatory pattern.
But as we increase the lower cutoff, the oscillation dies out and the test system remains in
its initial energy eigenstate without being noticeably affected by these medium modes.
Fig. 1 demonstrates this phenomenon for different values Ω1 < Ω2 < Ω3 < Ω4 of the lower
cutoff Ωc. For fixed Ωc, Ω and η, the next plot, fig. 2 depicts how this effect varies with the
chosen medium (Ohmic and sub Ohmic).
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Figure 1: Dynamics of survival probability of ground state population for a harmonic oscillator
in an Ohmic bath for different Ωc
6 Discussion
To sum things up, we can say that the high frequency medium modes do not contribute towards
the decay of population of an open quantum system immersed in a bath. Rather, a Rabi type
oscillation in the dynamics of the population is set up by them. In particular, for the harmonic
oscillator test system in Caldeira Leggett model, we could illustrate that the physical aspects of
this interaction is independent of the nature of the bath, though some specific details vary (fig.
2).
Our studies that constitute this article have been carried out using the real time effective
propagator (deduced in eq.(9)) of the test system. This wave function based technique is a
formal improvement over the extant theories of open quantum systems though we have not yet
dealt with the entire range of frequencies of the medium. In fact, it not only is applicable to
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Figure 2: Dynamics of ground state population of test oscillator for Ohmic and sub Ohmic bath
the analysis of systems having any arbitrary initial population but can also be utilised to see
the transition between different states. At present, we are working on a generalisation of this
cost effective methodology [11] that can take into account the influence of all possible medium
modes. References [9, 4] provide an alternate treatment that can include the effect of all modes
without distinguishing between low and high frequencies.
Although, the phenomenon of decay of population in open systems through a non unitary
evolution is well known, we expect to address various aspects of such physical systems judiciously
with the help of our alternate framework, of which this letter forms a foundation.
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